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Abstract: In this paper, we employ the extended mapping method to obtain the exact traveling
wavesolutions of the Benjamin-Bona-Mahony (BBM) equation, the Schamel equation and the modified
Kawahara equation. Our results show that these solutionsinclude periodic wavesolutions and solitary wave
solutions.The geometric interpretation for some of these solstionare introduced. The solitary wave
solutions are obtained as a limiting case.
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Introduction

Many phenomena in physics and other field are often described by non linear
partial differential quations (NLPDEs) particularly in fluidmecha-nics, solid state
physics, plasmaphysics, and non-linear optics.The investigation of exact solutions of
NLPDEs will help one to understand these phenomena better. There are many methods
that have been used to construct exact traveling wave solutions for NLPDEs in the past
decades, such as the inversescattering method [1], thetanh-function method [2], the
extendedtanh-function method [3], Kudryashov method [4], the first integral method [5],
and the homogeneous balance method [6]. Recently, some methods were presented to
constructexactsolutions expressedinter-msof Jacobi elliptic functions (JEFs) fornonlinear
evolution equations (NLEESs). Among them the Jacobi elliptic function expansion method
[7, 8], the F-expansion method [9, 10], the generalized Jacobi elliptic function method
[11], mapping method [12], extended mapping method [13-15] and other methods [16-
20]. Actually, the Jacobi elliptic function method is just a special case of the mapping
method under certain conditions. We demonstrate applications of the extended mapping
method for finding exact solutions of three nonlinear evolution equations. The first of
these equations is the BBI\{I equation u: + @, + uuy + fur: = 0 the second equation is the

schamel equation u: +@u?u, + Bu.. = 0 the last equation is the modified Kawahara
equation 4 + utty + Gty + Pty = 0,

In this paper, we apply the extended mapping method to construct more general
exact solutions of LPDEs and introduce the geometricinterpretation for some of these
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solutions. This work is organized as follows. In Sections 2 we give brief descriptions of
the extended mapping method and the geometric interpretation. In Sections 3-5 we
construct traveling wave solutions for the BBM equation, Schamel equation and modified
Kawahara equation, respectively. In the last Section, we summarize and discuss our
results.

Description of method

In this section, we briefly describe the extended mapping method [13-15]. The
main steps are summarized as in the following. For a given NLPDE, say, in two
independent variables

Gl wp uy, w1y, . ) = 0. (z.1)

In general, the left hand side of Eq. (2.1) is a polynomial in u and its various
derivatives.

Step 1: We seek the traveling wave solution of (2.1) in the form

ulx,t) =ulf); F=xlx —wt) +§ (2.2)

where xand ware constants to be determined later and &,is an arbitrary constant.ThenEg.
(2.1) is transformed to the ordinary differential equation (ODE)

Hu,u'u",...} =0, (23)

where u' :z—:and H is a polynomial of u and its various derivatives.If H is not a

polynomial of u and its various derivatives, then we may use new variablesv = »{£) which
makes Hbecome a polynomial of »and its various derivatives

Step 2: We assume that the solutions of Eq.( - 2 3) can be expressed in the form
ulf) = a, +zfmf' + g ‘?)+Ze¢“n‘}¢ &) +Zu¢ (De'(5), (2.4)

where N in Eq.( 2.4) is a posmve mteger that can be determined by balancing the
nonlinearterm (s) with the highest derivative term in ( 2.3) andag. a;. b;. c; and d;are
constants to be determined. The functiong(#) satisfies the nonlinear

ODE (¢'(8)% = g0 + 207 (&) + q.0* (£}, (2.5) where g, g, and gsare constants.

Step 3: Substituting (2.4) with (2.5) into the ODE (2.3) and setting each coefficients of
(& Nig(E), j=01 i=0+1+2.) tozeroto

drive a system of algebraic equations fora, a; b c;. d; xand w Solving the system
fora, a. by c. d; xand . With the aid of Maple or Mathematica. Substituting the
obtained coefficients into( 2.4), then concentrationformulas

of traveling wave solutions of the NLPDE( 2.1) can be obtained.
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Step 4: Select the values of qo, g2, g4 and the corrponding JEFs¢(£)from Appendix A and
substitute them into the concentration formulas of solutions to obtain the explicit and
exact JEF solutions of Eq. (2.1). Various solutions of Eq. (2.5) were constructed using
JEFs(see Appendix A), and these results were exploited in the design of a procedure for
generating solutions of NLPDEs. The JEFssng = sn(¢,m), cné =cn(£,m), anddné =
dn(¢,m), where (0 <m < 1) is the modulus of the elliptic function, are double periodic
and posses the following properties:

sn?€ +cn®¢=1, dn’¢ + m?sn% =1.

d d
d—fwj = enf dnf, d—E(mEJ = —snf dn,

d%{dnf] = —m®snf cné.
In addition when m- 1, the functionssné, cné, and dnédegenerate astanhZ, sechf and
seché
respectively. Some more properties of JEFs can be found in [21].
In order to describe the geometric interpretation for the solution of (2.1), we write
thesolution of (2.1) at the regular regions (there is no singularities) in the form

u=ulx,t), ueC? (2.6)
which describes 2- dimensional surfacesin &=.
To do that let us introduce the associatedMonge
formula as follows: M = (x.t.u(x.£)), which enables us to compute the most important
geometric quantities [22] such as the Gaussian curvature K and mean curvature H. We
can find the Gaussian and mean curvaturethrough the following steps:

Lyl — Ly Ho Lisfaz + Laafya —2Liagny

K= =, = T
J1187z — iz 2(911927 — 812)

81182 — 912 # 0, (2-7)
where Gu1 =My My g1z =My My g2z = My - M,
Lll = J’ ey J'.'!'_. Lj_: = J’JH 'J'.'!T_. L:: = J’l‘frr 'J..IFT
and N =% Here g,, = 0. g5, = 0 are the squares of thespeeds of the x and t

parameter curves of M andg;; measures the coordinate angleé# betweenM, and M, (the
tangents to the coordinates curves).

JEF solutions of the BBM equation

In this section, we consider the BBM equation [23]
u, + o, + uu, + pu,., =0, (3.1)
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where @ and pare constants. We referred to this equation as the BBM equation. Which
wasfirst introduced by Benjamin et al [23]. As an improvement of the Korteweg-de Vries
(KdV) equation for modeling long waves of small amplitude in 1+1 dimensions. The
BBM equation describes the uni-directional propagation of small-amplitude long waves
on the surface ofwater in a channel. Fu et al [24] used the JEF method and Alofi [25]
used extended Jacobielliptic function expansion method and obtained the periodic wave
solutions of Eq. (3.1). Here we obtain severalclasses of exact solutions of BBM equation
expressed by various JEFsby using theextended mapping method and the availability of
symbolic computation. In order to obtain the exact solutions of Eq. (3.1), substituting
(2.2) into (3.1), we have (& — @)u’ + uu’ — fou™ = 0. (3.2)

The balancing procedure |mpI|es that N 2. Therefore the solution of Eq. (3.2) takes the
form 4@ = a0+ @108 +a:0" () + i+ oot bt

wﬁﬁ 3.3
Substituting (3.3) into (3.2) we can drive a system of algebraic equations
fora, a, ag by by ey dy, dy, & and wSolving the algebraic equations by use of Maple or
Mathematica. Therefor we get the following concentration formulas of traveling wave
solutions of the BBMequation (3.1):

u=w—a+4wfx’ g, + 3g,0% ()], (3.4)

u=w—a+4wfx’ ["-i' +I,_.,.~.] (3-9)
u:m—ﬂ-l—‘]:‘fﬂ_gx [ +3'?4¢‘ I:'Ji::]-l_d,l"ljl

(3.6)

U=w—a+wfx [ﬁ': +6q,9° () £ ﬁ"'v'llatpl{"r:]]’ (3:7)

il (3.8)

U=w—a+wfx [ﬁ': +6g,07(£) £ 64/ 90 22 0el”
U=w—a +wf i"f:[l'-]' - ﬁ'«.,.'ﬁ';t'?r:- + '5"-"1'4‘35" {,,rj
+ +ﬁ'~.,ﬂ?4¢"':'>r]+ﬁw%dm] (3.9)

Ilg.l"l—

u=m—|:t+a:'3?f:[q —5~,.t?4ﬁ'n+5q'4¢:{':rj

.—;a{l
+o T 600 @ 169, 5 ] (3.10)

With the aid of Appendix A and formula (3.4) and (3.5), one can get the periodic
wavesolutions of Eq. (3.2) #: = @ — & + 4wfx’ [-1 —m? + Im*snf], (3.11)
we can also find some exact solution 0f(3.2) expressed by rational expressions of JEFs

2m? — 4 + 3m? {L?TE)] (3.12)

Ugy =W — O + wf w’

G e
With the aid of Appendix A and the formulas (3.6) -(3.10), we obtain the following
exactsolutions of (3.2):

U = — @ +wfn [Em:+l +3(1—m::]
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Ug = @ — & + wBx? [2 - 4m? + (msn + idnf)? + W] (3.14)
Uz =w —a +wfx’[2m? — 1 — 6m*en®f + 6imsnidnfl, (3.15)

Ugp= G- @ + 6% 1m? — 2 + 3mE(snE + icnf)? + 6mdnE(cn T isnd)], (3.16)

Uy =
w— o +fFrt [2 —m® + eVl —m®  —edntf + 6(m® — 1nd*E + eimPeniond FemiVm® — isd'{cd{]. (3.17)

Other JEFs are omitted here for simplicity. The periodic wave solution (3.11) was given
in[24]. Compared with the results given in [24] we find more new solutions. Asm — 1,
equations  (3.11), (3.12) and reduce to the solitary wave solutions
Uya{xt) = w—a+ 4r.uj3fc:[—2 + 3tanh (k(x — wt) + Epll. (3.18)

( tanhlk(x—wt) +£50

Uy gs(rt) = w— & + wBK [_2 + )] (3.19)

1teechinlz—wt) +£g)

The solutions (3.18) represent surfaces whose Gaussian curvature K and mean curvature
126 [ L4002 [ 1-Stonkfleech i)

H= =T
H aregiven by K= (1+576(L+w? 1w 52 k& tonh Foech )T

E=xlx—wt) +8,

Thus the solution (3.18) represents a family of parabolic surfaces(tx =0, F=0)and a
family of planes (=0 H=0 on the points of the cuspidal
edge x = wt —‘%"+§mﬂh'l(i§) as shown in Fig. 1. These planes of (3.18) are given by
the vector equationM = (x.t.@ —a — 4wfx").The solution (3.18) have singularities at the
points x = we — £

Figure 1: Graph ofu,:in (3.18) fora=g=rx=w=4,=1
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JEF solutions of schamel equation

Let us consider the schamel equation [26]
U, + rxuiux + fu,,,. =0 (4.1)

where = and gare constants.This equation describing ion-acoustic wave in a cold-
ion plasma where electron do not behave isothermally during their passage of the wave.
Schamel [26] derived this equation and a simple solitary wave solution having a
sech*profile was obtained. Therefore the Schamel equation (4.1) containing a square root
nonlinearity is very attractivemodel for the study of ion-acoustic waves in plasmas and
dusty plasmas. Khater et al [27] have obtained abundant exact solutions in terms of JEFs
of the Schamel equation by meansof mapping method.

Some nonlinear models in plasma are described by canonical models including
the KdV, modified KdV, Zakharov-Kuznetsov and the Kawahara equations. The KdV,
the Schameland the Zakharov-Kuznetsov equations can be derived by many authors [16,
26, 28] in fluid dynamics and ion-acoustic wave in plasma. El-Kalaawy [29] studied the
exact solitary wavesolutions of Schamel equation in plasma with negative ions. Hassan
[30] obtained abundantnew exact of the Schamel-Korteweg-de Vries (S-KdV) equation
and modified Zakharov-Kuznetsov (mZK) equation arising in plasma and dust plasma. In
order to obtain the exact solutions of Eq. (4.1) we use the transformation u(x, t} = »*(x, t),
v(x,t) =V, £=xlx—wt) + {10 reduce Eq.(4.1) to the ODE
—wWV' + aV2V + B2 (VW™ +3V' V") = 0.

(4.2)

The balancing procedure implies that N = 2. Therefore, the solution of Eq. (4.2) takes
theform

dy
c¢'(E)+—=

Vi) =ap + ey (8) + o™ () + —+ ——= ¢ (£)

b,
cpr:-fj b 'i-EJ
:p {E] (4.3)

Substituting (4.3) into (4.2) we obtain a system of algebraic equations
fora, a, ay by by ¢y dy, dy, & and a.

Solving this system we get the following concentration formulas oftraveling wave
solutions of the Schamel equation (4.1):

100 824 P E—

—qz t,\llﬁ':: —3goqs — 3q,9° ()] .

u = -
ol

(4.4)
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100 52 K* s
= [_ﬁ': Ta/g; —3g,9s —

o2

3qg ] (4 5)

a2 ()

with £ = (x F 1685 T Ta0500) + o

1008%* . . g, |
1 —5'— —Gz% [q7+ 12909, — 39.6°(F) — F{_D'] . (4.6
with & =« (_r F168x%, gl + 12q0q4t) + £
2587 ———— i T
U= |~et, [0 + 12000, ~ 6au”(E) £ 6,/q.¢'(2)] (+7)
BBy e 1za - =R 62 E " 4.8
u = ﬂ]:-ﬂ: _EE _\IQ2+1 EDE‘} E{E:] xI -!,'.qn E{E:] I: . :]

with ¢ = (x 48,2 (7T To007) +

g
T 4pt

{—qz +6.5.q, J_rﬂ'q: + 6002/5.49, +1234.4,

—6q49°(5) — 'DF +6,/q.0' (51t 6 'ﬁ'_n?.l;;:?]

(4.9)
b
withs —KI:x +4,Eu" ' : + 604,220, +123q:.q|4|:j| +E.

With the aid of Appendix A and formula (4.4), one can get the periodic wave solutions of
Eq. (4.1):

1008%x* o o
= —— [14m*+m* —mi+1- 3m?sn2g|, (4.10)

F=x(xT168x?m —m? +1t) + &,

25 ‘:K:‘. - | T — " :
tigy = 4’5;‘ [—EI:m‘ + 1)+ m* + 14m? +1 + 3(menf + dﬂ,ﬁ‘] . (411

£ =r(x T4petm* + 14m? +1t) + £,

255%*
4=
£ =x(x F 48x*m* — 16m? + 16t) + £

" :
[-2(m? - 2) £ m* = 16m? + 16— Im¥(snf £ enf)?] . (212)

Ugg =

With the aid of Appendix A and the formulas (4.5)-(4.9), we can obtain more general
types of exact solutions of (4.1):
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10084 : ) L
Upg =—5—[m? — 24 /m* —16m? +16 + 3dn*E + (1—mP)nd?E] . (413)

ol

=xlx F168x%m* — 16m? + 16¢) + £,
| W 1]

2507 x* . ————
Ug o = pr- 2—m't+2ym*—m*+1—

2 \+dnf £

. ) 773
() )]

(4.14)
F=x(xF168x7m* —m? +1t) + &,

25 %  —_—
Uy g = T[l +m? +/mt £ 14m? + 1 — 6m?sn?f + 6menfdné]

s
P il

(4.15)
F=x(x F4pn?m® + 14m? +1t) + &,

258Kt . . :
Uipse =y [ — 2 + /m% —16m? + 16 + 6dn?f T 6rm?snfenf]

(4.16)
£ =x(x F 48x*m* — 16m? + 16t) + £

255%* .
ulE-_iE\: 4&" [1+ E\m"‘m‘i

Jm* — 60m? —134m® — 60m + 1 —6m?sn’f — 6ns X + 6menfdnf + csFdsi]Y, (4.17)
£ :w[x T 48y m* — 60m® — 134m* —E0m + it +£

Other JEFs are omitted here for simplicity. The solutions (4.5) and (4.6) were given
in[29] and (4.11) and (4.12) were given in [27]. Asm — 1, equations (4.11), (4.13) and
reduce to the solitary wave solutions

3008 x*
Uy = f sech® (kx — 168 K3t + £
@

100542 - "
Uyp = —Iﬁ-—[S —tanh¥(kx + 1683 + Fp)]°

4.18)
258%x

.

Uygzp = [2+1 —3(tanh (kx F 48x%t + F,) + isech (xx F 48x% £ + F,))F]2

(4.19)

The solutions (4.18) represent surfaces whose Gaussian curvature K and mean curvature
_ 1B00a* BTl + 25687 k* ) (4cosh™ — E)zech*]

H Kz =077 (ot + 1296000084 (1 + 256F*w* )sech*fanke )7 £ = xx — 1685t + &,
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| —00o*FRacd(L 4 256 Fxc*) (SooshiE — 1Booshif 4 15)58chiE
(g% + 1440000 Fx37 (1 + 25667 k¥ sach* Franh? £1 — Irani®) 35

F=xx+ 1687t + £,
Thus, the solutionsu,.. u,.represent a family of parabolic surfaces(x = 0. H=0)and a
family of ©planes (k =0. H=0) on the points of the cuspidal edge

. & 1 1 I'—
2, _fo 1 3 x=-16fx"t ——+—cosh™t| £ [0 £ 421
x=16fx"t — 2+ cosh™(+7) and KK 2

these planes of (4.18) aregiven by the vector equations M:{x,t,%)

andM = (x, r%)The solutions given by Eq. (4.18) have singularities at the
_ 2, o
points * = ZIOFRTE =25 The surfaces and their singularities are shown in Fig 2.

Figure 2: Graph oOfu,.andu,in (4.18) for a=f=x=w=4£=1
JEF solutions of modi_ed Kawahara equation
The modified Kawahara equation is [31] t + 1ty + @ttgyy + Bttzyey = 0. (5.1)

where zand gare constants. This equation occurs in the theory of magneto-acoustic
wavesin plasmas and propagation of nonlinear water-waves in the long-wavelength
region as in thecase of KdV's equations. Due to the wide range of applications of Eq.
(5.2), it is importantto find exact solutions of the modified Kawahara equation. Traveling
wave solutions ofmodified fifth order KdV equation and modified Kawahara equation
have been studied in[32, 33]. Substituting (2.2) into (5.1) we have
—wu’ +u'u'+ax’u” + Bu"" = 0. (5.2) The balancing procedure implies that N = 2.
Therefore, we apply the extended mappingmethod with the ansatz solution (3.3) to obtain
the solutions of Eq.(5.1). Substituting (3.3) into (5.2)we obtain a system of algebraic
equations for a;. a;. a;. by.bg. c;.d;.d.x and w.Solving this system we get the following
traveling wave solutions of the modified Kawahara equation (5.1):
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e Ll e v EPRRYPS
Uu=4+——=x6b,/— K" “Led
J—108 Y B qae
(5.3)
_a+208xtq, 6,)—108x"
u=T '_—E? + Ak ':?I:'J (5.4)
J—108 »*(£)
—_—rp e — z z T b
{:u'(x— a® — 2408 w*lr;:;?zuﬂ n."‘q,q“tjl +E
_a+203x:qn . ) ﬁ-‘—lﬂﬁx:qn
u=F————+6,/-108x q,0°(F) + - 5.5
=T ey (5.5)
ri z ri z A
f:w(x+“ + 2408 w*r.;,u'-gzssuﬁ w‘quth +E
_a+5BRGy L n ., ]
L=t 'Tj.? T 3 -106x"q9"(f) £ 3./-105q.x ¢ (£). (5.8)
=

_a+5px’qy 3-10Bx%qy —¢'(D)
u=+ — + — + 3./ -1060y—=—. 5.7
T S A

e? +158%% + 1805 %% q,q,
-f:ac(:r+ 108 t)+-fn.

From Appendix A and the formulas (5.3), we obtain the exact traveling wave solutions
ofEg. (5.1)

@ —208x°(1+m")

u.=7F +6,/—10Bx*m?sn s,
J—108
(5.8)
—g® — 2400%k* (14 m®)® + 7208 m®

). 5.9
1 +enk) (5:3)

o+ llllﬂac:{l —2m%)
J—108

R :( snf

— 3
Uzg =+ iE\‘.'—lD;?fc

+ia

i ( —o® — 608 (1 — 2m2) £ asgTet )
i =K|x— = t
108

From Appendix A and the formulas (5.4), (5.5) and (5.6), we can obtain new and
moregeneral types of exact solutions of (5.1)

_a+ 208552 —m¥) _ . .
ug, =+ prt 6,/ —10fx"cs T

—_—

J—108
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+6,/-10Bx (1 —m¥)sc’E,  (5.10)

2 2408%% 2 - mP)? + 28808 %41 —m%)
.f:a:(;r+':lr Bt mlbﬁ Br m’t’)+.fn,

3 / lﬂ.ﬂx:m:

o -I—1EI.[?K (m? —2)

J—108

,—

3
;.\_'— x'm?(snf +ioenf)? +

(5.11)

Usg = ¥

a? + 6082 x* (m? — 2)? + 1808 % m?
f=xlx+ 108 t)””’
Ugrp= F @+ 5ﬁ%—m"| ¥ 3,/—10Fx%dnF ¥ 3,/ 10« m?snfenf.  (59)
=

F—
fF=

T T ' P YT z o T kY
w(x+“ +15F%k*(2 mijcllﬁﬂsuﬁ K1 m}tJH;

Other JEFs are omitted here for simplicity. The periodic wave solutions (5.8) were given
[32] and [33]. In this paper we find many types of traveling wave solutions to Eq. (5.1).
When m — 1, equations (5.8) and (5.9) reduce to

_m— 408" —_— .
Uy 47 = +———— + 6,/ 108k “tanh*L, (5.10)
11,12 =0 J—10§ £.(5.10)
ol + 408 %" )
= t .
F=nlx 108 o
_a—-108x> 3 — ./ tanhf 4’
Uyg - +—./— < B 110
=TT mep T2 105« (11 secrg) + 1D
ol + 1587
E = KIlX + ]_UE ED

The solutions (5.10) represent surfaces whose Gaussian curvature K and mean curvature

.—1[I|,|'.’—|1[Il[1l,|'.Jz + (o 4+ 240 x* 1571 - Jtonk® é‘l:gfﬁ ..-‘.‘
Hy=1

Hare given by K12 = 0.

(1 -—.mupn + e+ 24up=>—*‘u=~.:grn+.s:rrn=.s|

Thus the solutions (5.10) represent a family of parabolicsurfaces (k =0. H=0) and a
family of planes(x = 0. H =ojon the points of the cuspidal edge

_et2408% .
x——T ——+—mﬂh (+ ,]
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these planes of (5.10) are given by the vector equations M = (_r, t.F “;%:J.The solutions
; e . - i S
(5.1) have singularities at thepointsx = —=—_""—¢ -~

The surfaces and their singularities are shown in Fig 3.

Figure 3: Graph Ofu.andu..in (5.10) for e =« = 1.5 = —1andf. = 0.

Conclusions

In this paper, the extended mapping method has been applied to obtain many
types of exact traveling wave solutions for the BBM equation, the Schamel equation and
the modifiedKawahara equation. These solutions expressed by JEFs and hyperbolic
functions. It shouldbe noted that, although many exact solutions are obtained in this
work, it has beenshownthat some of these solution are the same as the results given in
[24], [27], [29], [32] and[33]. The computer symbolic system such as Maple or
Mathematica allow us to performcomplicated and tedious calculations. Moreover, the
solitary wave solutions have been obtainedas a limiting case. Also, we discussed the
geometric interpretations for some of thesesolutions. Geometrically the solutions given in
this paper represented by parabolic surfaces(k =0, H = 0)and in some special cases
family of planes (k =0. #=0). Some of theconsidered surfaces may be contain
singularities.
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