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Abstract: In this paper, we employ the extended mapping method to obtain the exact traveling 

wavesolutions of the Benjamin-Bona-Mahony (BBM) equation, the Schamel equation and the modified 

Kawahara equation. Our results show that these solutionsinclude periodic wavesolutions and solitary wave 

solutions.The geometric interpretation for some of these solstionare introduced. The solitary wave 

solutions are obtained as a limiting case. 
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Introduction  

Many phenomena in physics and other field are often described by non linear 

partial differential quations (NLPDEs) particularly in fluidmecha-nics, solid state 

physics, plasmaphysics, and non-linear optics.The investigation of exact solutions of 

NLPDEs will help one to understand these phenomena better. There are many methods 

that have been used to construct exact traveling wave solutions for NLPDEs in the past 

decades, such as the inversescattering method [1], thetanh-function method [2], the 

extendedtanh-function method [3], Kudryashov method [4], the first integral method [5], 

and the homogeneous balance method [6]. Recently, some methods were presented to 

constructexactsolutions expressedinter-msof Jacobi elliptic functions (JEFs) fornonlinear 

evolution equations (NLEEs). Among them the Jacobi elliptic function expansion method 

[7, 8], the F-expansion method [9, 10], the generalized Jacobi elliptic function method 

[11], mapping method [12], extended mapping method [13-15] and other methods [16-

20]. Actually, the Jacobi elliptic function method is just a special case of the mapping 

method under certain conditions. We demonstrate applications of the extended mapping 

method for finding exact solutions of three nonlinear evolution equations. The first of 

these equations is the BBM equation  the second equation is the 

schamel equation  the last equation is the modified Kawahara 

equation . 

 

In this paper, we apply the extended mapping method to construct more general 

exact solutions of LPDEs and introduce the geometricinterpretation for some of these 

mailto:ahmed.shoreh@yahoo.com


Proceedings of Basic and Applied Sciences  

 ISSN 1857-8179 (paper). ISSN 1857-8187 (online). http://www.anglisticum.mk   
 Proceedings of the 1st International Conference on New Horizons in Basic and Applied Science, Hurghada – Egypt, 

Vol 1(1), 2013.    

 

© The authors. Published by Info Media Group & Anglisticum Journal, Tetovo, Macedonia. 

Selection and peer-review under responsibility of ICNHBAS, 2013 http://www.nhbas2013.com  

106 

 

solutions. This work is organized as follows. In Sections 2 we give brief descriptions of 

the extended mapping method and the geometric interpretation. In Sections 3-5 we 

construct traveling wave solutions for the BBM equation, Schamel equation and modified 

Kawahara equation, respectively. In the last Section, we summarize and discuss our 

results. 

 

Description of method 

 

In this section, we briefly describe the extended mapping method [13-15]. The 

main steps are summarized as in the following. For a given NLPDE, say, in two 

independent variables 

 

 
 

In general, the left hand side of Eq. (2.1) is a polynomial in u and its various 

derivatives. 

 

Step 1: We seek the traveling wave solution of (2.1) in the form  

 
where and are constants to be determined later and is an arbitrary constant.ThenEq. 

(2.1) is transformed to the ordinary differential equation (ODE) 

 
where and H is a polynomial of u and its various derivatives.If H is not a 

polynomial of u and its various derivatives, then we may use new variables  which 

makes Hbecome a polynomial of and its various derivatives 

. 

Step 2: We assume that the solutions of Eq.( 2.3) can be expressed in the form 

 
where N in Eq.( 2.4) is a positive integer that can be determined by balancing the 

nonlinearterm (s) with the highest derivative term in ( 2.3) and are 

constants to be determined. The function   satisfies the nonlinear 

ODE  where q0, q2 and q4are constants. 

 

Step 3: Substituting (2.4) with (2.5) into the ODE (2.3) and setting each coefficients of 

  to zero to 

drive a system of algebraic equations for Solving the system 

for  With the aid of Maple or Mathematica. Substituting the 

obtained coefficients into( 2.4), then concentrationformulas 

of traveling wave solutions of the NLPDE( 2.1) can be obtained. 
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Step 4: Select the values of q0, q2, q4 and the corrponding JEFs from Appendix A and 

substitute them into the concentration formulas of solutions to obtain the explicit and 

exact JEF solutions of Eq. (2.1). Various solutions of Eq. (2.5) were constructed using 

JEFs(see Appendix A), and these results were exploited in the design of a procedure for 

generating solutions of NLPDEs. The JEFssn  = sn( ), cn  =cn( ), anddn  = 

dn( ), where  (0 ˂ m ˂ 1)  is the modulus of the elliptic function, are double periodic 

and posses the following properties: 

 

sn
2

 + cn
2

=1,    dn
2

 + m
2
 sn

2
 =1. 

 

 

 
In addition when m , the functionssn , cn , and dn degenerate astanh , sech  and 

sech  

respectively. Some more properties of JEFs can be found in [21]. 

In order to describe the geometric interpretation for the solution of (2.1), we write 

thesolution of (2.1) at the regular regions (there is no singularities) in the form 

 
which describes 2- dimensional surfacesin  

To do that let us introduce the associatedMonge 

formula as follows:   which enables us to compute the most important 

geometric quantities [22] such as the  Gaussian curvature K and mean curvature H. We 

can find the Gaussian and mean curvaturethrough the following steps: 

 

 
 

(2.7) 

 

where  

 

 

 

and    Here  are the squares of thespeeds of the x and t 

parameter curves of M and measures the coordinate angle between (the 

tangents to the coordinates curves). 

 

JEF solutions of the BBM equation 

 

In this section, we consider the BBM equation [23] 

 



Proceedings of Basic and Applied Sciences  

 ISSN 1857-8179 (paper). ISSN 1857-8187 (online). http://www.anglisticum.mk   
 Proceedings of the 1st International Conference on New Horizons in Basic and Applied Science, Hurghada – Egypt, 

Vol 1(1), 2013.    

 

© The authors. Published by Info Media Group & Anglisticum Journal, Tetovo, Macedonia. 

Selection and peer-review under responsibility of ICNHBAS, 2013 http://www.nhbas2013.com  

108 

 

 

where are constants. We referred to this equation as the BBM equation. Which 

wasfirst introduced by Benjamin et al [23]. As an improvement of the Korteweg-de Vries 

(KdV) equation for modeling long waves of small amplitude in 1+1 dimensions. The 

BBM equation describes the uni-directional propagation of small-amplitude long waves 

on the surface ofwater in a channel. Fu et al [24] used the JEF method and Alofi [25] 

used extended Jacobielliptic function expansion method and obtained the periodic wave 

solutions of Eq. (3.1). Here we obtain severalclasses of exact solutions of BBM equation 

expressed by various JEFsby using theextended mapping method and the availability of 

symbolic computation. In order to obtain the exact solutions of Eq. (3.1), substituting 

(2.2) into (3.1), we have  

 

The balancing procedure implies that N = 2. Therefore the solution of  Eq. (3.2) takes the 

form  

Substituting (3.3) into (3.2) we can drive a system of algebraic equations 

for Solving the algebraic equations by use of Maple or 

Mathematica.Therefor we get the following concentration formulas of traveling wave 

solutions of the BBMequation (3.1): 

 

 
 

 

 

 

 

 
 

 

 
 

 

 
 

With the aid of Appendix A and formula (3.4) and (3.5), one can get the periodic 

wavesolutions of Eq. (3.2)   

we can also find some exact solution  of(3.2) expressed by rational expressions of JEFs 

 
With the aid of Appendix A and the formulas (3.6) -(3.10), we obtain the following 

exactsolutions of (3.2): 
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Other JEFs are omitted here for simplicity. The periodic wave solution (3.11) was given 

in[24]. Compared with the results given in [24] we find more new solutions. As , 

equations (3.11), (3.12) and reduce to the solitary wave solutions  

  
 

 
 

The solutions (3.18) represent surfaces whose Gaussian curvature K and mean curvature 

H aregiven by    

 
 

Thus the solution (3.18) represents a family of parabolic surfaces  and a 

family of planes on the points of the cuspidal 

edge   as shown in Fig. 1. These planes of (3.18) are given by 

the vector equation The solution (3.18) have singularities at the 

points  

 
Figure 1: Graph of in (3.18) for  
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JEF solutions of schamel equation 

 

Let us consider the schamel equation                                                 [26] 

 
 

where are constants.This equation describing ion-acoustic wave in a cold-

ion plasma where electron do not behave isothermally during their passage of the wave. 

Schamel [26] derived this equation and a simple solitary wave solution having a 

sech
4
profile was obtained.Therefore the Schamel equation (4.1) containing a square root 

nonlinearity is very attractivemodel for the study of ion-acoustic waves in plasmas and 

dusty plasmas. Khater et al [27] have obtained abundant exact solutions in terms of JEFs 

of the Schamel equation by meansof mapping method.  

 

Some nonlinear models in plasma are described by canonical models including 

the KdV, modified KdV, Zakharov-Kuznetsov and the Kawahara equations. The KdV, 

the Schameland the Zakharov-Kuznetsov equations can be derived by many authors [16, 

26, 28] in fluid dynamics and ion-acoustic wave in plasma. El-Kalaawy [29] studied the 

exact solitary wavesolutions of Schamel equation in plasma with negative ions. Hassan 

[30] obtained abundantnew exact of the Schamel-Korteweg-de Vries (S-KdV) equation 

and modified Zakharov-Kuznetsov (mZK) equation arising in plasma and dust plasma. In 

order to obtain the exact solutions of Eq. (4.1) we use the transformation  

to reduce Eq.(4.1) to the ODE 

  
                                                                         (4.2) 

 

The balancing procedure implies that N = 2. Therefore, the solution of Eq. (4.2) takes 

theform 

 

 
 

Substituting (4.3) into (4.2) we obtain a system of algebraic equations 

for   

 

Solving this system we get the following concentration formulas oftraveling wave 

solutions of the Schamel equation (4.1): 

 

 
                                                                                                                                        (4.4) 
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(4.5) 

 

with  

 

 
with  

 

 
 

 
 

with  

 

 
 

 

 
with  

 

With the aid of Appendix A and formula (4.4), one can get the periodic wave solutions of 

Eq. (4.1): 

 

 

 
 

 

 
 

 

 
 

With the aid of Appendix A and the formulas (4.5)-(4.9), we can obtain more general 

types of exact solutions of (4.1): 
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Other JEFs are omitted here for simplicity. The solutions (4.5) and (4.6) were given 

in[29] and (4.11) and (4.12) were given in [27]. As , equations (4.11), (4.13) and 

reduce to the solitary wave solutions  

 

 
 

 

 

 

 
The solutions (4.18) represent surfaces whose Gaussian curvature K and mean curvature 

H     
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Thus, the solutions represent a family of parabolic surfaces  and a 

family of planes on the points of the cuspidal edge 

   and  

these planes of (4.18) aregiven by the vector equations  

and The solutions given by Eq. (4.18) have singularities at the 

points  The surfaces and their singularities are shown in Fig 2. 

 

 
Figure 2: Graph of in (4.18) for  

 

JEF solutions of modi_ed Kawahara equation 

The modified Kawahara equation is [31]  

 

where and are constants. This equation occurs in the theory of magneto-acoustic 

wavesin plasmas and propagation of nonlinear water-waves in the long-wavelength 

region as in thecase of KdV's equations. Due to the wide range of applications of Eq. 

(5.1), it is importantto find exact solutions of the modified Kawahara equation. Traveling 

wave solutions ofmodified fifth order KdV equation and modified Kawahara equation 

have been studied in[32, 33]. Substituting (2.2) into (5.1) we have 

 The balancing procedure implies that N = 2. 

Therefore, we apply the extended mappingmethod with the ansatz solution (3.3) to obtain 

the solutions of Eq.(5.1). Substituting (3.3) into (5.2)we obtain a system of algebraic 

equations for Solving this system we get the following 

traveling wave solutions of the modified Kawahara equation (5.1): 
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From Appendix A and the formulas (5.3), we obtain the exact traveling wave solutions 

ofEq. (5.1) 

 

 

 

 
 

 
 

 
 

From Appendix A and the formulas (5.4), (5.5) and (5.6), we can obtain new and 

moregeneral types of exact solutions of (5.1) 
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Other JEFs are omitted here for simplicity. The periodic wave solutions (5.8) were given 

[32] and [33]. In this paper we find many types of traveling wave solutions to Eq. (5.1). 

When , equations (5.8) and (5.9) reduce to 

 

 
 

 
 

 
 

 
 

The solutions (5.10) represent surfaces whose Gaussian curvature K and mean curvature 

Hare given by   

 

Thus the solutions (5.10) represent a family of parabolicsurfaces  and a 

family of planes on the points of the cuspidal edge 
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these planes of (5.10) are given by the vector equations   The solutions 

(5.1) have singularities at thepoints  

 

The surfaces and their singularities are shown in Fig 3. 

 
Figure 3: Graph of in (5.10) for  

 

Conclusions  

In this paper, the extended mapping method has been applied to obtain many 

types of exact traveling wave solutions for the BBM equation, the Schamel equation and 

the modifiedKawahara equation. These solutions expressed by JEFs and hyperbolic 

functions. It shouldbe noted that, although many exact solutions are obtained in this 

work, it has beenshownthat some of these solution are the same as the results given in 

[24], [27], [29], [32] and[33]. The computer symbolic system such as Maple or 

Mathematica allow us to performcomplicated and tedious calculations. Moreover, the 

solitary wave solutions have been obtainedas a limiting case. Also, we discussed the 

geometric interpretations for some of thesesolutions. Geometrically the solutions given in 

this paper represented by parabolic surfaces and in some special cases 

family of planes . Some of theconsidered surfaces may be contain 

singularities. 
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