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Abstract: Exp-function method is proposed to present soliton and periodic wave solutions for variable
coefficients combined KdV- mKdV equation. By means of Hermite transform and white noise analysis, we
consider the variable coefficients and Wick-type stochastic combined KdV-mKdV equations. As a result,
we can construct new and more general formal solutions. These solutions include exact stochastic soliton
and periodic wave solutions.
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Introduction

In this paper, we investigate the variable coefficients combined KdV-mKdV equation:

ur + altdux + FUu ux + y (e = 0, (txleR, x R, (1.1)

where a(t), f(t) and y(t) are bounded measurable or integrable functions on E, .
Eq.(1.1) arises in many physical phenomena, often simultaneously exist in practical
problems such as fluid physics and quantum field theory [5]. If such physical phenomena
are considered in random environment, we can get random combined KdV —mKdV
equation. In order to give the exact solutions of this random model, we only consider it in
white noise environment, that is, we will study the following Wick-type stochastic
combined KdV-mKdV equations:

U, + A(t) o U o Ux+ BlE) o U% o Ux + T{) ¢ Uxxx= 0, (1.2)

where “¢ " is the Wick product on the Kondratiev distribution space (s)_, and A(t), B(t)
and I'(t) are (s)_, -valued functions [24]. It is well known that the solitons are stable
against mutual collisions and behave like particles. In this sense, it is very important to
study the nonlinear equations in random environment. However, the variable coefficients
nonlinear equations, as well as constant coefficients equations, cannot describe the
realistic physical phenomena exactly. Wadati [32] first answered the interesting question.
“ How does external noise affect the motion of solitons?” and studied the diffusion of
soliton combined KdV- mKdV equation under Gaussiannoise, which satisfies a diffusion
equation in transformed coordinates.
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The cauchy problems associated with stochastic partial differential equations (SPDES)
was discussed by many authors, e.g., de Bouard and Debussche [6], Debussche and
Printems [8]. Printems [25] and Ghany and Hyder [16]. On the basis of white noise
functional analysis [24]. Ghany et al.[13-15, 17-20] studied more intensely the white
noise functional solutions for some nonlinear stochastic PDEs. Recently, many new
methods have been proposed to solve the nonlinear wave equations such as variational
iteration method [9,10], tanh-function method [11,33,37], homotopy perturbation

method [12,26, 34], homotopy analysis method [1], tanh-coth method [27-29] and F-
expansion method [2,31, 35]. The Exp-function method was first proposed in [21]. As it
is a straightforward and concise method, it was successfully applied to obtain generalized
solitary and periodic wave solutions of some nonlinear evolution equation arising in
mathematical physics. The application of this method can be found in[22,30,38,39].
Moreover, The solution procedure of this method, with the aid of Maple, is of utter
simplicity and this method can be easily extended to other kinds of nonlinear evolution
equations [23,36]. In our paper, we use the Exp-function method to seek new exact
traveling wave solutions for the variable coefficients combined KdV-mKdV equation.
These solutions include soliton and periodic wave solutions. Then, with the help of
Hermite transform and white noise analysis, we employ these solutions to find exact
white noise functional solutions for the Wick-type stochastic combined KdV-mKdV
equations.

Soliton and Periodic Wave Solutions of Eq.(1.1)

In this section, we apply Hermite transform, white noise theory, and Exp-function
method to explore soliton and periodic wave solutions for Eg.(1.1). Applying Hermite
transform to Eq. (1.2}, we get the deterministic equation:

Ut x2) + At 2) Ot x, 2) U0t %, 2) + Bt 2)U %t x, z) O, (¢ x. 2)
+1(t.2) U, (t.x.2) =0 (2.1)

where z = (z1, z2,..) € (") IS a vector parameter. To look for the traveling wave
solution of Eg.(2.1). we make the transformations
At z) := A(t.2).B(t.2) i= B(t,z) [t z):= I'(t.z) and Ot x.2) = : u(tx.2) = u(E(t.x,2))
F(t,x.z) = kx +J‘ ¢lr, zldt + ¢,
with 0 where k = 0. ¢ are arbitrary constants and ¢(z.z) is a
nonzero function of the indicated variables to be determined later. Hence, Eg.(2.1) can be
transformed into the following ordinary differential equation:
du' + akuu' + Ffkuiu’ + yKiu" = 0, (2.2)
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where the prime denote to the differential with respect to . In view of Exp-function
method, the solution of Eg.(2.1). can be expressed in the form:
L5 an exp(nf)

ult,x,z) = I mep(mE) (2.3)

where ¢, d. p and q are positive integers which could be freely chosen and a=. bm are
unknown constants to be determined later. Eq.(2.3) can be re-written in an alternative
form as follows:

_acexplcf) + -+ a_gexpl—df)
ey o [ s ey [ G

To determine the values of ¢ and p. we balance the linear term of highest order

of Eg.(2.2) with the highest order nonlinear term. By simple calculation, we have
ciexplic + Tp)Ell + -

voT czexp(8pe]l +. (2.5)
, ,_ c3explBc +p)f)l + - _ csexpl(Be +5p)E)] + 2.6
= ce expldps] +- - ceexp [8pE] + - .

where ¢i are determined coefficients only for simplicity. Balancing highest order of
exponential function in Egs.(2.5), (2.6), we have p = c. similarly to determine values of
d and g. we balance the linear term of lowest order in Eq.(2.2):

ot diexpl—(7q + d){)]
T+ d2expl-8q]]

u (2.7)
w+diexp[-(2g + 2d))]

_— oo+ d4exp[—4qi]
+diexp[—(5q + 3y 9

..+ daexp[—8qi]
= (2.8)

where di are determined coefficients only for simplicity. Therefore we can obtain d = g.
Now, we solve Eg. (2.1} for some particular cases for the constants p. c.d and g.

Case A.
Ifwesetp = ¢ = 1and d = g = 1, then Eg.(2.4) becomes

al exp{-f{t,x,z]} + ao
+a_s exp(-£(t.x.2))
[Biexp{f{t,_r,z]} +h]’
+b_y exp(~£ (e x.2))

(2.9)

u{t, X, z:] =
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In case b1 = 0 Eg.(2.5) can be simplified as follows equation.
a1exp(E(t,x,2)) + a0
+a_s exp(—£(t, %.2))
biexp (£t x,2)) + bo
[+ b_, exp(—£(t.x.2))

ult,x, z) = . (210

1
Substituting Eg.(2.10) into (2.2), we have A
+Cy+ C_,exp(—F) + C_,exp(—2F)
+C_zexp(=£)] =0

[Coexp(38) + C,exp (2F) + C,exp(F)

Where
A= [exp(f) + bo+b_, exp(—E)1° ¢, = —pay + akalb, + fkal by + vk a by —P

kaf o, — akaye, — k3o, + a, by,

C,=—-2Ffka,at — 2¢pa_, + ckalbi + 2akal b_, + 2aka® byn, — 8ykia_, + 2 pah_, — 4
ykia,bi + 2akalb_, — akai — 2 ¢pbyay — 2

eka,a_y —2fkatfa_, + 2 ¢pa, b + 4y kihpay+8ykiab_,

€, =—5¢a_,by + fkala_, by + 5Fkal ayb_, +¢a, by — akaib, + 6¢pa, bpb_; — Sykihy
a_y + 2aka,b_, ay — fkai — vk¥apbi + 3a kalbyb_, + aka,biay + 23y kiapb_, —3a
koya_, — 2oka,a_ by — ¢b_ a0y + Bka,ad by — paghi — 68ka,a_,a, — 18vkia, byb_, +yvkia, ki,
Cp=—4¢pa_,b_, +32yk%a_,b_, — 32yk® a,b?, —4aka_,bya, — 4fkata_; — 2aka®,
—4Bka, a’, — 4pa_, by — dykia_,bi + 4 pa,bib_, + 2akai bl + 4Fka, bib_, + 4

pa, b2, + 4vkiabib_, + 4Ffkala_b_, . C_, = —6¢pa_;byb_, — 5fkaya’, — aka_,

agbs + 2oka_, by b_ya, + fkaib_, —2ak a_,aph_, — 18yk®a_,b_, b, — 3aka® by
—yk®a_, b3+ akalib_ by +5vkibi,a. by, —Bkal,a, by — 23yk*a bl, + paghl, +
ykiagh_ b — ¢pa_, b3 +5¢pa by b2, —Fka_,aib_, + 4¢ayh_,bi + 3akaya, b,

+68ka, a_,apb_, .

C_,=2¢ayb’ by + 2aka_,b%,a, + 4yka_,bib_, — 2aka®,b_, — 2¢pa_,b%, — 2
gpa_,b_,bi+ 2¢pa,b?, — 28ka’, + akal G1b-1 + 2Pkaga_sb_; — drkiaphl by +
—Byk¥a_,b%, + 8ykia b,

C_ 5= *yk!anb!_l + :f_:u.DEJ!_,_ + ccl-mDEJ:_,_u._l —cxl-m:_]_&,_, b_y — ga_iby EJ:_,_ - _.[?Lm!_LEJD

—ykia_ by b:, + fka®,ab_, . (2.11)
[Cn: Ci=C;=0;=0,
Setting the coefficients of exp(né) to be zero, we have.\C-1=C-2=C_2 =0 . 5olving the

system by maple , we obtain two set of solutions.
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i by[2B8(t. 2)al + elt.=z)

_ a, + 6y(t, 2)k7)
b= 28 (¢, z)a, + alt, z)
[ b [6Kk%B(t.z) + 487 (b 2)a]
+4a,alt, z) Bt z) + a(t, 2)]
- 4B tz)al +4a,ult.z)
) L Bt z) + a2t 2)]

o, B2 [6k%8(t. z ) (t. 2)) + 46%(t. 2)
| a? + 4a,alt,z) Bt 2z) + a®(t. 2]]
4182t z]r.li + 4a,alt, z)
Blt.z) + a(t. 2)]

\ = —l[kalplt z) + ka, alt z) + k¥, 2]

o_y =

(2.12)
And

[ alt, z)  —68(t, z)
“= %6 T e |
B elt, z) J —68(t. z)
e = bt Y s |

= k[a:{t,z:] + Ek:_ﬁ{t,zjy{t,z:]}]

47(t, z)
gy = ,EJD =0, {213]

o

so we obtain the following solutions:

(tx.2) = 12y + 0] 514
R TN & L
1
+ b+ PRI ﬂ:]
Where
[50[2_.[?&,2]&-{ + alt, z)
o +6yE D] D e,

tT T 2t Da, talt.2)

+4p%*(tz)al + 4a,
_ lalt, 2)B(t z) +a®(t 2)] _
T [+[.3:{nz3ai + 4a,alt, z) =E,
Blt.z) + a?(t 2)]

following equation.

a; b3 lﬁkiﬁ{tzjy{nﬂ}]

(2.11)

the above equation we can reduced to the
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[ 6k2byy(t, z)
alt, z) + 2a, F (t.z)

exp (§4(t, x.2))
1
+ EJD + ISTl ﬂ-:

uy = |ay

(2.15)

The second solution in case bo = 0 we could obtain the following solution.

10, +10,]

exp(&;(txz)) +b_y
exp (— £ (L. x. 2])

uy(t,x,2) = | . (2.16)

ozl y —BF Lz _ x(t.2)
Where; = [_ s T8 gun |Bxp':"r=]’ fy =—b, [:.w:r,xru +

£yt xz) = klx— 0g), (2.17)
e 1
_ [ [6iflr.2) + a, alr.2)
s = .L + k*y(z.2) ] .

£t x.z) = klx+ 0L (2.18)

B 1 r[a:{*r, z) + Ek:_ﬁ{r,zj}’{r, z) }J
=% U £G.2) }d’“

when k& is an imaginary number, using the

transform,® = iK

e - £2) Where

exp( £y ) =exp (iK @, ) = CDS{H?"L:} + fsin{j{q&l_:}, exp(— £ 7) = exp (—iK ¥y 3)
= cos(Kvy,.) — isin(Kw,,). Then we obtain the periodic solutions as following.

[ 6k2byy(t, )

elt, z) + 2a, (t.z)
0, cos(Ky,) + .EJD] '
+i 0 sin(Ky,)

uzlt.x.z) = |a, + (2.19)

Where

b} [-6K*B(t, 2)y(t, 2)
+lalt.z) + 2a,5(t, 2)]7]
4lalt, z) + 2a,8(0t, 2112

n, =1+

i
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bi [-6K2g(t, z)y(t, =)
+lalt.z) + 24,80, 2]
4lelt, ) + 2a, B¢, 2)]2

N, =|1-

the periodic wave solution. Eg.(2.19), might have some potential applications. For
practical use, we eliminate the imaginary part in Eq.(2.19) this requires (i.e)

b3 [—-6K2B(t, 2)y (¢, 2)
+lalt, z) + 2a, 8 (¢, 17| _ 1
4lelt, ) + 2a, F (¢, 2)]2 '

b — 4llalt.z) + 24,50t 2)]7
652 gt z)y(t. 2)

then Eq. (2.19) is reduced to periodic wave solution as following.

(B2 —4]lalt, =) + 2a, 80t 2)]

boB .2 2eosthuy) + o] 220

uzlt, vz} = a —

similarly.Eq. (2.15) can be translated in to periodic or compact like solutions as follows.
[ﬂ; cos(Ky, ) +
ﬂ'll:‘ Siﬂ{gt#‘-::]

ug(t. x,2) = [[1 +b_,Jcos(Ky,) + (2.21)
il1 - b_,] sin(Ky,)
Where
B elt, z)
1y = {—m 1+ 5]
JEETE.Z)
K ;ir;) [1- 5’-1]}°
elt, z)
Qyp = —i {_ 28(.2) [1-5b_4]
H#I 68 (¢, z) -
* Bt z) [1+5,]

elimination of the imaginary part in present Eg.(2.19) requires setting [b_, = 1] for
simplicity, we obtain the following periodic wave solution:
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u{i‘, z:]
~[35( 2y cosK¥2)

6@ (t, =)

{72 = K5 snu) (2.22)
ustt % 2] = cos(Ky,) ’ )
where
Y (txz) = [x— 0yl (2.23)

t
Ny, = j laiplr.z) + a, alr.z) — K2y(z.2)] du
o

Wt x,z) =[x +0,.1 (2.24)

I"ISI!: T, 2} — z T, Z\T, Z
ﬂﬂ:}}fnl (r.z) — 8K2B (7, z)y( ”Jd«r,

g lzr,z)

Remark that: there are infinitely number of soliton and periodic wave solutions for
Eg.(2.1). These solutions come from setting different values for the positive integers
p, ¢, dand g. The above mentioned cases are just to clarify how far our technique is
applicable.

Exact White Noise Functional Solutions of Eq. (1.2)

In this section, we employ the results of Section 2 and Hermite transform to
obtain exact white noise functional solutions for Wick-type stochastic combined KdV-
mKdV equations(1.2). The properties of exponential and trigonometric functions yield
that there exists a bounded open set — E, x E, p <=, 4= 0 such that the solution
u(t.x,z) of Eq.(2.1) and all its partial derivatives which are involved in Eg.(2.1) are
uniformly bounded for (t.x.z) € D % Ks(A). continuous with respect to (t.x) € D for all
z € Ko(A) and analytic with respect to z e Ke(d) , for all (t.x) € D. From  Theorem
41.1in[24], there exists U(t.x.z) € (5)_, such that wu(t.x.z) = It x) (z) for all
(t.x.z) € D x Ko(A), and U(t.x) solves Eq.(1.2) in (5)_, Hence, by applying the inverse
Hermite transform to the results of Section 2, we get the exact white noise functional
solutions of Eg.(1.2) as follows:

Exact Stochastic Soliton wave Solutions:

6k<b,I'(¢) ]
(5) + 2a,B(t

[Exp"{flitr]] '
+ E:IIJ'-'_ ﬂ’l!

Uy (6x) = [y + 3.1)
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Where

b3 [6k*B(£)I(t) 10y, + 024c)
LA +2aBOI Valt®) = e E ey £ o )
2 7 T4[a() + 20,812~ OF TEERL exp* (— 5,(t.x))

Where
Alr) W —BELE] o

flag = I +k e |':' exp” [ Z;(t.x))
5 = "

Al JEBD) L
—bs [:Birﬁn = | ¢ EEP (— 5 (t.x))
Where
Byt x) = klx— 0, (3.3

L
0, = fn [@2B() + a, A + K*r(@)]dr.

52 = klx+0,,], (3.4)

lj‘f[#*:{f.:] 1+ 82B(1) « Iz} )]
Y N E(7) '

Exact Stochastic Periodic wave Solutions:

—6K b, I(t) ]
() + 2a,B(t)

Us(t.x) =a + [ﬂlg o cos (KW ) + Eln] J 6.5
+i0yg e sin* (KW, )
Where
b [—6K*B(t) «I'(£) b [—6K*B(t) « I'(t)
o =1+ +[A®) + 2a,B()] P +[A() + 2a,B() ]
o 4[AG) 4+ 2a,B(E)]2 || T 4[A(t) + 2a,B(£) ]2
U ex) = a (b3 —4][A() + 2a,B(8)] (3.6

" byB(t) o [2cos (KW, ) + byl
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[ﬂ:n o cos (K%, ) +
0,, osin(K¥)

u,t,x)= [[1 T oo RE) I (3.7
i1 —b_,]sin* (K% )
Where
Y] { A [1+5_,4]
2= )V Sere -1 JEED
2B(t) _K :ﬂf [1—5:_1]},
[ Alg)  6B(t)
0, =;{m[1_5_1] +K 500 [1+E:_1]},
—[% o cos (K ¥;)
H:‘%Egﬂ - siﬂ"{f{'@":]]
Uslt.x) = - \ (3.8)
where
¥ (¢, x) = [x— Q] (3.9)

r
ﬂn=jmm&ykmmﬂ—xwwmm

W, (¢, x) = [x + 0], (3.10)

1 t4%0) - 8K2B() « (D) )|
{3 = ;J‘n dr.

Elz)

We observe that. For different forms of A(t),B(t) and I'(t), we can get different exact
white noise functional solutions of Eg. (1.2) from Egs. (3.1) — (3.10).

Example

It is well known that Wick version of function is usually difficult to evaluate. So,
in this section, we give non-Wick version of solutions of Eg.(1.2). Let W; = B, be the
Gaussian white noise, where B; is the Brownian motion. We have the Hermite
transform Wi =Ef.z  [jn(dds (241, Since  exp’(B) = e (B, -Z).  we
have sin*(B,) = s[n{Er —tT) and cos*(B,) = cos (E‘r —:)

Suppose Alt) =v,['(t), B(t) =v,T'(t).and T(t) = u(t) + v;W; wherev,. v; and vsare
arbitrary constants and u(t) is integrable or bounded measurable function on E..
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Therefore, fora(elB(#)rit) = 0.Exact white noise functional solutions of Eg.(1.2) are as
follows:

[ 6k1b ]
+ 2
[ + z:,_,ir 0,
Where
Ug(tx) Doz — Dae) (4.2)
by 2k? . o Tap (Bt + | <
s =14+ v, + zﬂlv:]]w{——z{tx}] 5_lexp{'"_ ,(61))
Where
1y =
TS | IR
wr 4 Cw® +vam 1 =P (EaB)
ﬂ‘:E-
b [+ [l 1o (- 5.6,
Where
'—:g{ts-r:] = I.{[X— ﬂ-:_—-]; {‘1‘.3]
., . r £2
., = [vya, + voa, 2 + k2] “‘ witldr +Vg (Br _?]} ,
o L
E_q_(t-r:] = I.{[X+ ﬂ-:g]; {‘1‘.‘1‘)
2+ 8k, 2
e = Vl-l-—’lf“‘ wlt)dr +v, (Br _%)}
[ 6k, ]
Upt.x) = fa + 75 :.:15+L:’$1§ T b (43)
[ +i 0y, sin (KW, ) ]
Where
.53 BkIv, B bi Bkiv,
] e o [ S e
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(b5 —4][v, + 2a;v;]

Urt.x) =a, - boV, [2cos(KW,) + byl (4.6)
[ﬂ-!i cos (K%, ) +

_ N, sin (KW, )

Uglt.x,) = [[l-I-EJ_,_]EDS AR 4.7
i[1—b_,]sin (K¥,)

Where
0., = _{:_1 [1+b_,] s 0., = 5[:_1[1_ —b_,]

o 8 [l oy 0 211 2

_[;Tj:- cos(K¥, )+ K
! 6 .
+K |I ° 1+5 q,Jl"’: (0 + vaw] SnE)
(@ F v e = o . 48)
Where
Pt x) = [x— 0. (4.9)
0o ' £2
0y = [via, + Ve — K7 ] U p(t)dr +V, (gt _?]}J
i} s
w,(tx) =[x+ 051 (4.10)
vt — 8K, (f £2

(lag =  a, “; ptide 1, (E‘r - ?J}

Conclusion

This paper is devoted to implement new strategies. That gives exact white noise
functional solutions for the variable coefficients Wick-type stochastic combined KdV-
mKdV equations. The strategies pursued in this work rest mainly on Hermite transform,
white noise analysis and Exp-function method, all of which are employed to find exact
white noise functional solutions of Eg.(1.2). Moreover, the planner which we have

proposed in this paper can be also applied to other nonlinear (PDESs) in mathematical

physics, for example. KdV, mKdV, KdVB, sKdV, Sawada-Kotera, Zhiber-Shabat,
Zakharov-Kuznetsov and BBM equations, we can obtain a new set of exact white noise
functional solutions for the Wick-type stochastic combined KdV-mKdV equations by
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using another methods in Eq.(1.1). Note that, there is a unitary mapping between the
Gaussian white noise space and the Poisson white noise space, this connection was given
by Benth and Gjerde [7] . Hence, with the help of this connection, we can derive some
Poisson white noise functional solutions, if the coefficients A(t), B(t) and I'(t) are
Poisson white noise functions in Eg. (1.2).
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