Proceedings of Basic and Applied Sciences

ISSN 1857-8179 (paper). ISSN 1857-8187 (online). http://www.anglisticum.mk

Proceedings of the 1% International Conference on New Horizons in Basic and Applied Science, Hurghada — Egypt,
Vol 1(1), 2013.

Estimation of Stress-Strength Parameter for Burr Type XI|I
Distribution Based on Progressive Type-I1 Censoring

A. M.Abd-Elfattah’, M. H. Abu-Moussa®
!Department of Mathematical Statistics, Institute of Statistical Studies-Research Cairo University, Egypt.
2Department of Mathematics, Faculty of Science, Cairo University, Giza-Egypt.
*E-mail of the Corresponding author: mhmoussa@sci.cu.edu.eq

Received November 13, 2013; Revised November 14, 2013; Accepted November 15, 2013

Abstract: In this paper, the estimation of stress-strength parameter is considered When the strength and
stress respectively are two independent random variables of Burr Type XII distribution. The samples taken
for X and Y are progressively censoring of type Il. The maximum likelihood estimator (MLE) of R is
obtained when the common parameter is unknown. But when the common parameter is known the MLE,
uniformly minimum variance unbiased estimator (UMVUE) and the Bayes estimator of are obtained. The
exact confidence interval of R based on MLE is obtained. Also the performance of the proposed estimators
is compared using the computer simulation.
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Introduction

In 1942 1.W. Burr[1] published a system of cumulative distribution functions
(cdfs) that might be useful "for purposes of graduation™, he has suggested twelve types.
Special attention has been devoted to the type X1l and type X in modeling lifetime data or
survival data. The Burr Type XII has the following distribution function for X >0:

F(x;p,b) =1—(1+x°)"; p>0b>0 (1.1)
And the density function of Burr Type XII for X >0 denoted by BurrXII( p,b) is
f(x; p,b) = pbx**(1+x") ",  p>0,b>0 (1.2)

Burr Type XII distribution has different special cases of life time distributions,
one of them is the Weibull distribution when p=oo. In life-testing experiments, one
often encounters situations where it takes a substantial amount of time to obtain a
reasonable number of failures necessary to carry out reliable inference, so censored
samples are used for analyzing lifetime data. Among various censoring schemes, the
Type Il progressive censoring scheme has become very popular one in the last decade. It
can be described as follows: let n units be placed on test at time zero with m failures to
be observed. At the first failure a number r, of the surviving units (n—1) are randomly

selected and removed from the experiment. At the second observed failure, r, of the
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surviving units (n—r, —2) are randomly selected and removed from the experiment, and
so on until the m-th failure is observed. The all remaining surviving units
r,=n—-m-r—r,—.—r, , are removed.We denote to progressively Type Il censoring

with scheme (n,m,r,r,,...,r,)). Traditional Type Il censoring scheme is included when
(r=r,=..=r,,=0) and (r, =n—m) and complete sampling scheme when (n=m)
and (r,=...=r,, =r, =0). Balakrishnan and Aggarwala[2] and Balakrishnan[3] present
a study on different features of progressive censoring schemes.

In stress-strength model, the stress (Y) and the strength (X) are treated as random
variables and the reliability of a component during a given period is taken to be the
probability that its strength exceeds the stress during the entire interval, i.e. the reliability
R of a component is R=P(Y < X). For a particular situation, if we consider Y as the

pressure of a chamber generated by ignition of a solid propellant and X as the strength of
the chamber. Then R represents the probability of successful firing of the engine. Stress-
strength model can be used as a general measure of the difference between two
populations and has applications in many area. For example comparing two treatments X
and Y, then R=pP(y < X) is the measure of the response of treatment X. For other

applications see Kotz et al.[4]. Many authors considered the problem of estimating the
stress-strength parameter based on complete samples, it first considered by Birnbaum|[5].
Johnson[6] present a good review on stress-strength model in reliability. Awad and
Charraf [7] studied the case when X and Y are independent Burr random variables of
type XII, they obtained maximum likelihood, uniformly minimum unbiased (MVVUE) and
Bayesian estimates of R. Ahmed et al. [8] consider this problem when X and Y are two
independent random variables have Burr Type X distribution. Based on censored samples
Saraco g lu et al.[9] obtained the estimation for R based on exponential distribution with
type Il progressive censoring. Abd-Elfattah et al.[10] get the estimation of R based on
Weibull distribution with type 1l progressive censoring, they discussed two cases the first
when X and Y have common shape parameter and different scale parameters while the
second case when X and Y have common scale parameter and different shape parameters.
For some of the recent references, the readers may refer to [11-13].

In the present paper, the study the estimation of R = P(Y < X) when X and Y are

two independent but not identically random variables belonging to burr type XIlI
distribution with two parameters. In Section (2), maximum likelihood estimator of
reliability R is obtained in two subsections first when the common parameter b is
unknown while the second when b is known. UMVUE of R and Bayes estimator when b
is known are obtained in sections (3) and (4) respectively. Numerical results using
simulations are presented in Sections (5).Some concluding remarks given in section (6).
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MLE of R

In this section the MLE of R is obtained. Let X and Y are two independent Burr
Type XII random variables with parameters (p,b) and (g,b) then R is:

R=P(Y < X) :rrf(x)f(y)dydx

= [P Yy )y e = @)
0J0 P+q

So we deal with two cases when the common parameter b is unknown and known which

are mentioned in the following subsections.

If common parameter b is unknown

Let Xypm rver Xinmny be a progressive censored sample from BurrXIl(p,b) with
Yo mn DE A

progressive censoring scheme (n,m,r,...,r.) , and let Ylm ny 1+ Vmmyn,

progressive censored sample from BurrXIl(q,b) with progressive censoring scheme
(n,,m,,s,,..., smz), then the jointly likelihood function L(p,q,b) is

qulquj

= = N My Moy MM “ b—lmz b-1 . by~ P-1-pr; i b
L(p.a.b) =[k ] [f ) [1- FOOI LIk [ TF (I~ F(y )71 = kikep™a™p™ ™ [ ¢ Ty; [ [+ ) ™" [ ]+ v))
(2.2)

Where k, and k, are:
k1 = nl(nl -1- r1)(n1 727r17r2)---(n1 —-m +1- r17---rmlf1) kz = nz(nz -1- Sl)(nz -2- S - Sz)'"(nz —m, +1- S _"'sz—l) (2-3)

Now the log-likelihood function 7 is:
M
= Ink,k, +m,Inp+m,Ing+(m, +m,)Inb + (b—l)ZInxi

i=1

+(b-1) ZlnyJ Z 1+ p(L+r)In(1+x") (2.4)

i=1

—Z(1+q(1+ s;))n(1+y3)

=
By differentiation on equation (2.4) with respect to p, g and b, and setting the results
equal to zero Then we get:

S—é o IZl:(l+r)In(1+x y=0 (2.5)
o _m, ¥ _ by =
2 o ;(1+ s)IN(1+y°)=0 (2.6)
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m

g—i ml+m2 +Zlnx +Zlny] Z(1+ p(+r,

%7 Inx;

Vo2

b

m y.Iny.
Y (1+q(1+s,) 2
; Ty

From equations (2.5),(2.6) and (2.7), we get

p= m{zl(n r)In(l+ x?)} (2.8)
i=1
_ m2[§(1+sj)ln(l+ yf)} 2.0y We can obtain b by solving the

following non-linear equation:

m

m, X°Inx,
(m, +m,) ZInx Z;InyJ o —+1 ;(1I+x_‘;)
! Yin(t+x) | '

i=1

-1

m, & vy,
% +11)° ) (2.10)

. = b
Sn(i+ ) )
e

This equation can be solved numerically using Newton Rhapson Method with initial
values closed to real values of parameters. Then MLE of R is

R=_—_9 (2.11)

~

P +qg

If common parameter b is known

Assume b is known, then without loss of generality we can assume that b =1.

Then let Ximpny 10000 Koy be a progressive censored sample from BurrXll(p,1) with

progressive censoring scheme (nl,ml,rl,...,rml) , and let Yimyny 1o Ymymon, be a
progressive censored sample from BurrXll(q,1) with progressive censoring scheme
(n,,m,,s,,..., sz)- Then from equations (2.8), (2.9)

my o ) -
A ml{Z(1+ r)In(1+ x; )} (2.12) g = m2[2(1+ s;)In(1+ yj)} (2.13)
mzi(1+ r)in(1+x)
Therefore B = = (2.14)

M

m Y (1+5,)In(1+y,;)+ m2%(1+ r)In(L+x)

i=1
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Now consider U =2p) " (L+1)in(L+x): 73, and vV =2q3 "% (1+s))in(L+y,): 73, Then

U 1
U+2MmPy 1 PE
2m,q q
Where - _ V/i2m, F(2m,.2m,)" Hence
u/i2z2m,

R 1-R
T R* & = FiF@Em.2m) (2.16)

R= (2.15)

Then the 100(1— )% exact confidence interval of R is:

o 1 1 (2.17)

1 <R< 1 =1-«a
1+ FZml‘Zmz‘a/Z (E_l) 1+ F2ml,2m2,17a/2 (E —1)

Where « is the level of significance and 2m,,2m, are the degree of freedom of F.

UMVUE of R
In this section the uniformly minimum variance unbiased estimator (UMVUE) is
obtained for stress-strength parameter R. Let X X be a progressive

Imypng reresr S memy iy
censored sample from BurrXIl(p,b) with progressive censoring scheme (n,, m, rl,...,rml),

assuming the common parameter b is known. The log-likelihood function of X is:

M
In L = Ink, +m,Inb +mInp + (b —1)> Inx,
=) (3.1)

— Zl:ln(1+ xP) — pi(1+ r)In(l+ x’)

i=1 i=1
Where k; mentioned in equation (2.3). Then from equation (3.1) we obtained that
> (1+r)In(L+x) is a sufficient statistics for p. Similarly for the progressive censored
sample Yimyny 10 Yimymon, from BurrXIl(g,b) with progressive censoring scheme
(nz,mz,sl,...,smz), we obtained that ZT:zl(lJrsj)m(lJr y) is a sufficient statistics for q. Let

T, =In(1+ X), consider the following transformations:

Zl = anl
Z,=(n—n-DT,-T]
Z, =(-n-t—.—f  —m+DT, T, ] (3.2)
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Balakrishnan & Aggarwala [2] show that Z* are independent & identically distributed
exponential random variables with mean p moreover

T :lei = 21(1+ T, :zl(1+ r)In(l+X?) (3.3)
i=1 i=1 i=1
Then thas a gamma distribution with shape parametereter m, and scale parameter p

with probability density function:

f(t) = — ! tmflexp(i), 0<t<w (3.4)
p T (m,) p
Lemma 3.1 The conditional p.d.f. of T, =In(1+ X") given T is:

f _ m -2 m
0= =nm - ot cnn, @PrOOf Letw =¥z, then clearly W &2, are

independent. Then the joint p.d.f. of T, &T, le‘T (x) can be easily obtained from the

jointly distribution of W &z, using the transformations z, =n,T,&W =T -Z, then

fuz, = fuefy, = p'“lr(lwwmlzexr’(_W;Zl) (3.6)And

fr - :L(T - anl)"”l'zexp(—I) (3.7) From equations (3.7),(3.4), we get the result.
Y p™Ir(m, -1) p

Similarly if £ =3 (1+s))E, Where E; =In(1+Y}) Then

) (E-nE)"*
fEl\E(y) - nz(mz _1) Eiziil )

Lemma 3.2 The unbiased estimator of R is:

0<E <EMh, (38

ey =l T RN ) Where »y and b
PE0 0 nE et E, =In(+Y?) and T, =In(1+ X?) -

Proof.

E(¢) = 1-P(an1 < anl) = P(Yl < [(1+ le)nlln2 _l]llb)

= P(Y,<a) = ['["f, (31, (y)dyox (3.10)

Where the distributions of order statistics X, and Y, are
fi, () = n pbx®* (14 x°) "

f, (¥) = n,aby**(1+y*) ™" (311

Then by using equations(3.11) we get

E(®) = ﬁ =R (3.12)
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Theorem 3.3 Based on the sufficient statistics T and E, as defined before for p and q
respectively and the unbiased statistics ¢, the UMVUE of R, say R, for m, >2 and

[mz _1]
k
——— if T<E

m+k-1
k

my-1 T k
1- Z(—l)k[—)

m, > 2 can be expressed as follows: = E
R=

)
1—?2_2(—1)“(5) [rn2+k|<—1j if T>E (3.13)
k

Proof. For T < E using the Rao-Blackwell theorem
R =E(4(T,E)IT,E)= ] frr) fiejdEAT, (3.14)

Where A={(E,,T,):0<T, <l,0< E1<£} and n,E <nT} and fm & f
n n

1 2

(EE) are

defined in equations(3.5),(3.8)respectively. Then R becomes:

~ Ty pnTy/n -nT. m -2 E-nE mp-2 nT ~
R:.[o 1J'11 2 (ml—l)(T 13 ,nz(mz—l)( E;;l) dEdT; let ¢ = %’ then R becomes:

o 1 m .

T 1

(T -nT)" " E-n1)"™"
Tml—l Emz—l

F3=l—j01(ml—1)(1_c)m1-2(1_cgmz_ldc 316) Since the binomial expansion of

=1-["n(m, -1)

0

ar, (3.15)

(1_01)%-1 = kmzzol(_l)k(mzk_lJ(C;)k. Then R is obtained as following:

E "

- my-L , -1 Ka I my -1 k
oo e gz )
k=0 k=0 (ml + - J

K
If T>E then R becomes:
™
~ ml—l . E k k
R=1— é(‘” [?j M (3.18)
K

(3.17)

Bayes Estimator of R

In this section the Bayes estimator of R is obtained when the parameters p and g
are random variables. For both populations of X and Y we assume that the common
parameter b is known. Now assume we have the Gamma priors for p and g with the
following probability density functions
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1
P pite™®  p>0 (4.1

ﬁ(p):r(a)

2
And z(q) = anz_le%q, q>0 (4.2)Here o,,p,,, and S, >0
I'(a,)

Let X,,..., Xml be a progressive censoring sample of X, the Likelihood function of X is:
.

Li(P) = f (X X | P) = kyp™ D™ [ X
i=1

my
< [J@+xx)y """ (4.3)
Where k; is defined in equation(2.3). Now to find the posterior distribution we should
find the marginal distribution of X, f (x,,....x, ) = ff (%o X, | P)7(P)dD
m ™
m Hao b-1 by-1
) kib™ B, l;[xi 1;[(1+Xi) (M, +a,)

) [(a,) 44

(8, + 31+ 1)In(Le X))
i=1
Then the posterior distribution
£ 04 X | P)7(P)
(X Xml)

(P | Xy Xy ) =

(P X,y X, e
— ﬂl 1 mlﬁ-ozl—le—pﬂ1 (45)
r(m, +a,)
Which mean that 7, (p|x,.....x, )~ Gamma(m, +,,4) » WNEIe ; = 5 514 ryinca+xp)
Similarly for censored sample y,,...., Yin, the posterior function of q is:

m,+a
2772
ﬂz my+a,-1 -4,

7,(q] yl,----,ymz) = e (4.6) (A Yyseeees ym2) ~ Gamma(m, +a,,4,)

rm,+a,)
and 4, = g, + 3" (145 )IN(L+ y?)

Both p and q are independent then we can find the joint posterior function of p and q:
7(p.qlxy)=H.p™ g™ e P12 (47)

Where \, - A"™4*™  let . __a and {=p+q
r(m, +a)'(m, +a,) pP+q
where 0<r <1,&>0), then (&1 x y) = HgM M T2 (™
xexp(=£[rd, + (1-r)A4]) (4.8)

Integrate out & - mig 1 T(M+M, +0; +a,)

[M«z i (1_ r)ﬂl]mﬂmfalmz !

(4.9)

rxy)=Hr" 2 (1-1) 0<r<1
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Using equation (4.9), Bayes estimator of R, say IQBS , under squared error loss function is

. R My+ap rq m+aq-1

Res = E(RIX, ¥) = J-lrﬁ(r | %, y)dr Res :H'r(m1+m2+a1+a2)r r - M, +aq +a dr
° "[r, +(L-r)4 ]

— —m2—a2 m2+a2
—(m2+a2)1“(ml+m2+a1+a2)/11 ﬂz xF2‘1[1+m2+0{2,m1+m2+a/1+a2,1+m1+m2+a1+0(2,1—ﬁ]

(4.10)
The final form of FEBS in equation(4.10)is calculated using Mathematica program.

Simulation Study

Within this section, the Monte Carlo simulation is performed to check the
performance of the different estimators of R under several types of progressive censoring
schemes. Samples are generated under progressive type-Il censoring with many different
schemes for the (n-m) removed items. This schemes are described as follows:

Scheme I: complete sample (n=m)i.e there is no removed items.

Scheme II: (r, =0,...,r., =0,r, =n—m)

Scheme lII: (b, =n—-m,...,r._, =0,r, =0).

Scheme IV: The remaining items (n-m)are removed equally at each failure time.
For example if n=10 and m=5 then scheme IV become (r, =1,r, =1,...,r; =1).

Different values of parameters (b, p,q) =(1,10,5),(1,10,8) are used. Simulation is
performed 1000 times with different sample sizes n;,n, =10,20,30 and the number of

failures m;, m, =5,10,15,20,30 for X and Y. The average estimates of MLE for R in case

of b is unknown and average MSE’s are reported is Table 1. Also the MLE, UMVUE and
95% exact confidence interval of R when b is known are obtained and the average
estimates and average MSE’s are reported is Table 2, 3. Also simulation is constructed
1000 times for Baysian estimator of R suggested in Section (4), and the averages of
estimates and MSE’s are reported in Table 4 with the following configurations for the

parameters of priors of p,q : ¢, =0,1,2,20, «, =0,1,2,20 and 5, =0,1., S5, =0,1.

We note that in such cases as the effective sample size increases the estimates of
R become better. When n=m i.e in case of complete samples the biased is decreased.
Also when (n,,m;) =(n,,n,) the estimates are good. We note that MLE of R give results
better than the UMVUE of R and Bayes estimator. Bayes estimator depend on the prior
parameters of p,q. We note that the results become better when the values of o, ,, S,
and f, tends to zero, and when «,,a, greater than g, S, as in case of («, £,) = (20,0)

and («,, 5,) = (20,0)
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Conclusion

We have presented some efficient estimators of the stress-strength parameter R
using MLE, UMVUE and Bayes estimator methods. The methods are very efficient. We
have found that, our estimates of R using progressive censoring schemes are very close to
estimates in case of complete samples so this estimates are better to accelerate the life
testing. This work gives a general estimates since the case when sample sizes equal the
number of failures is a special case. The exact confidence intervals of R based on MLE
when parameter b is known are obtained. Choice of sample sizes and number of failures
are affect on the estimates. Also choosing the hyper parameter values of priors
distributions of p and q affect on the Bayes estimates. We note that MLE is more
effective than the other methods. Numerical results are presented which exhibit the
performance of the proposed methods.
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